Abstract. Hypertoric varieties are determined by hyperplane arrangements. In this paper, we use stacky hyperplane arrangements to define the notion of hypertoric DeligneMumford stacks. Their orbifold Chow rings are computed. As an application, some examples related to crepant resolutions are discussed.
Introduction
Hypertoric varieties (cf. [BD] , [P] ) are the hyperkähler analogue of Kähler toric varieties. The algebraic construction of hypertoric varieties was given by Hausel and Sturmfels [HS] . Modelling on their construction, in this paper we construct hypertoric DM stacks and study their orbifold Chow rings.
According to [BD] , the topology of hypertoric varieties is determined by hyperplane arrangements. In this paper we define stacky hyperplane arrangements from which we define hypertoric DM stacks.
Let N be a finitely generated abelian group of rank d and N ! N the natural projection modulo torsion. The stacky hyperplane arrangement A also determines an extended stacky fan S ¼ ðN; S; bÞ introduced in [J] . Here S is the normal fan of the bounded polytope G of the hyperplane arrangement H. The toric DM stack XðSÞ defined in [J] is the associated toric DM stack of MðAÞ.
To the map b we associate a multi-fan D b in the sense of [HM] , which consists of cones generated by linearly independent subsets fb i 1 ; . . . ; b i k g in N for fi 1 ; . . . ; i k g H f1; . . . ; mg, see Section 4. We assume that suppðD b Þ ¼ N. We prove that each top dimensional cone in D b gives a local chart for the hypertoric DM stack MðAÞ. We define a set BoxðD b Þ consisting of all pairs ðv; sÞ, where s is a cone in the multi-fan D b , v A N such that v ¼ P We now describe the orbifold Chow ring of MðAÞ. The multi-fan D b naturally gives a ''matroid'' M b . The vertex set is f1; . . . ; mg, and the faces are the subsets fi 1 ; . . . ; i k g L f1; . . . ; mg such that fb i 1 ; . . . ; b i k g are linearly independent in N. Note that the faces of M b are the cones in D b . According to [HS] , the ordinary cohomology ring of the hypertoric variety corresponding to the hyperplane arrangement H is isomorphic to the ''Stanley-Reisner'' ring of the matroid M b . Our result shows that the orbifold Chow ring of hypertoric DM stacks is a generalization of the Stanley We call ðv; tÞ the fractional part of ðc; sÞ. For ðc; sÞ we define the ceiling function dce s by dce s ¼ P Using the property of ceiling functions we check that the multiplication is commutative and associative. So Q½D b is a unital associative commutative ring. Let CirðD b Þ be the ideal in Q½D b generated by the elements Theorem 1.1. Let MðAÞ be the hypertoric DM stack associated to the stacky hyperplane arrangement A. Then there is an isomorphism of graded Q-algebras:
The orbifold Chow ring of the hypertoric DM stack MðAÞ is independent of the generic element y. It only depends on the map b.
Theorem 1.1 is proven by a direct approach. The inertia stack of a hypertoric DM stack MðAÞ is the disjoint union of closed substacks M À AðsÞ Á for all ðv; sÞ A BoxðD b Þ. To determine the ring structure, we identify the 3-twisted sectors as closed substacks of MðAÞ indexed by triples
We then determine the obstruction bundle over any 3-twisted sector and prove that the orbifold cup product is the same as the product of the ring Q½D b described above.
The multi-fan D b is equal to the simplicial fan S in S induced from the stacky hyperplane arrangement A if and only if H has n hyperplanes fH 1 ; . . . ; H n g whose normal polytope is a product of simplices. So in this case S is a stacky fan and the simplicial fan S is a product of normal fans of simplices, the toric variety X ðSÞ is a product of weighted projective spaces. Then by [BD] the associated hypertoric variety is the cotangent bundle of the toric variety X ðSÞ. So MðAÞ F T Ã XðSÞ, the cotangent bundle of the toric DM stack XðSÞ. The ring Q½D b coincides (as vector spaces) with the deformed ring Q½N S as defined in [BCS] . Corollary 1.2. Let S be as above. Then there is an isomorphism of Q-vector spaces
Here is an example which shows that the orbifold Chow ring of MðAÞ is not isomorphic as a ring to the orbifold Chow ring of the associated toric DM stack XðSÞ. Consider the weighted projective stack Pð1; 2Þ which is a toric DM stack with stacky fan S ¼ ðN; S; bÞ, where N ¼ Z, b : Z 2 ! N is given by the vectors b 1 ¼ ð1Þ, b 2 ¼ ðÀ2Þ and S is the simplicial fan in the lattice N consisting of cones r 1 and r 2 generated by b 1 ¼ ð1Þ and b 2 ¼ ðÀ2Þ respectively. The Gale dual map b 4 : Z 2 ! Z is given by the matrix (2). Choosing a generic element y ¼ ð1Þ A Z, we get a stacky hyperplane arrangement A ¼ ðN; b; yÞ. The hypertoric DM stack MðAÞ is the cotangent bundle T Ã Pð1; 2Þ whose core is the toric DM stack Pð1; 2Þ. Both Q½D b and Q½N S are generated by y b 1 , y b 2 , and y À 1 2 b 2 ; r 2 Á . According to Theorem 1.1 and the main theorem in [BCS] , their orbifold Chow rings are given as follows:
It is easy to see that these two rings are not isomorphic. Thus the orbifold Chow ring of a hypertoric DM stack is not necessarily isomorphic to the orbifold Chow ring of its core.
(However, their Chow rings are isomorphic, see [HS] , Theorem 1.1.) This also proves that the orbifold Chow ring has no homotopy invariance property. We remark that the core of a general hypertoric DM stack can be singular, it is not clear how to define an orbifold Chow ring. But in the case of a cotangent bundle over weighted projective space, the core is the weighted projective space and the orbifold Chow ring is well-defined. On the other hand, the orbifold Chow ring of a Lawrence toric DM stack is isomorphic to its associated hypertoric DM stack, see [JT] .
Computations of orbifold cohomology rings of hypertoric orbifolds in symplectic geometry have been pursued in [GH] . This paper is organized as follows. In Section 2 we discuss the relation between stacky hyperplane arrangements and extended stacky fans. We define a hypertoric DM stack MðAÞ associated to the stacky hyperplane arrangement A. In Section 3 we discuss the properties of hypertoric DM stacks. In Section 4 we determine closed substacks of a hypertoric DM stack. This yields a description of its inertia stacks. We prove Theorem 1.1 in Section 5, and in Section 6 we give some examples.
Conventions. In this paper we work entirely algebraically over the field of complex numbers. Chow rings and orbifold Chow rings are taken with rational coe‰cients. By an orbifold we mean a smooth Deligne-Mumford stack with trivial generic stabilizer. We refer to [BCS] for the construction of Gale dual b 4 : Z m ! DGðbÞ from b : Z m ! N. We denote by N ! N the natural map modulo torsion. For cones s 1 , s 2 in R d , we use s 1 W s 2 to represent the set of the union of the generators of s 1 and s 2 . We use N Ã to represent the dual Hom Z ðN; ZÞ.
where b 4 is the Gale dual of b (see [BCS] It is well-known that hyperplane arrangements determine the topology of hypertoric varieties [BD] . Let
Let S be the normal fan of G in M R ¼ R d with one dimensional rays generated by b 1 ; . . . ; b n . By reordering, we may assume that H 1 ; . . . ; H n are the hyperplanes that bound the polytope G, and H nþ1 ; . . . ; H m are the other hyperplanes. Then we have an extended stacky fan S ¼ ðN; S; bÞ defined in [J] , where b : Z m ! N is given by fb 1 ; . . . ; b n ; b nþ1 ; . . . ; b m g H N, and fb nþ1 ; . . . ; b m g are the extra data.
By [J] , the extended stacky fan S determines a toric Deligne-Mumford stack XðSÞ. It is the same stack as in [BCS] . Its coarse moduli space is the toric variety corresponding to the normal fan of G. According to [BD] , a hyperplane arrangement H is simple if the codimension of the nonempty intersection of any l hyperplanes is l. A hypertoric variety is the coarse moduli space of an orbifold if the corresponding hyperplane arrangement is simple.
Example 2.2. Let H ¼ fH 1 ; H 2 ; H 3 ; H 4 g, see Figure 1 . The polytope G of the hyperplane arrangement is the shaded triangle whose toric variety is the projective plane. The extended stacky fan is given by the fan of the projective plane P 2 and an extra ray ð0; 1Þ. Remark 2.3. If for a generic element y A DGðbÞ the hyperplane arrangement H bounds a polytope whose normal fan is S, then S ¼ ðN; S; bÞ is a stacky fan defined in [BCS] .
Lawrence toric DM stacks. Consider the Gale dual map b 4 : Z m ! DGðbÞ in (2.2). We denote the Gale dual map of where ½1; 1 t represents the transpose of the matrix. Taking the Gale dual to the above diagram yields the following commutative diagram:
So from the functoriality of the Gale dual we have 
Let C½z 1 ; . . . ; z m ; w 1 ; . . . ; w m be the coordinate ring of C 2m . Let
We put 
and Proposition 2.5, the toric DM stack XðS y Þ is the quotient stack
Hypertoric DM stacks. Define an ideal in C½z; w by According to [HS] , Section 6, I b 4 is a prime ideal. Let Y be the closed subvariety of C 2m nV ðI y Þ determined by the ideal (2.9). Since ðC Â Þ 2m acts on Y naturally and the group G acts on Y through the map a L , we have the quotient stack ½Y =G. Since Y L C 2m nV ðI y Þ is a closed subvariety, the quotient stack ½Y =G is a closed substack of XðS y Þ, and is Deligne-Mumford.
Definition 2.7. The hypertoric Deligne-Mumford stack MðAÞ associated to the stacky hyperplane arrangement A is defined to be the quotient stack ½Y =G.
Example 2.8. Let N ¼ Z l Z 2 , S the fan of the projective line P 1 , and b :
given by the matrix 1 0 1 2 2 0 ! . Choose a generic element y ¼ ð1; 1Þ in Z 2 which determines the fan S. The stacky hyperplane arrangement is A ¼ ðN; b; yÞ, G ¼ ðC Â Þ 2 and Y is the subvariety of SpecðC½z 1 ; z 2 ; z 3 ; w 1 ; w 2 ; w 3 Þ determined by the ideal
Then by [HS] , the coarse moduli space is the crepant resolution of the Gorenstein orbifold ½C 2 =Z 3 , see Figure 3 . The corresponding hyperplane arrangement H consists of three distinct points on the real line R 1 , and the bounded polyhedron is two segments intersecting at one point. So the core of the hypertoric variety is two P 1 intersecting at one point. The hypertoric DM stack MðAÞ is a nontrivial m 2 -gerbe over the crepant resolution according to the action given by the inverse of the above matrix. If we change b 2 to ðÀ1; 0Þ, we will see an example in Section 4 that the hypertoric DM stack is a trivial m 2 -gerbe over the crepant resolution.
Properties of hypertoric DM stacks
The coarse moduli space. Each Deligne-Mumford stack has an underlying coarse moduli space. In this section we prove that the coarse moduli space of MðAÞ is the underlying hypertoric variety.
Consider again the map b 4 : Z m ! DGðbÞ in (2.2), which is given by the vectors ða 1 ; . . . ; a m Þ. As in Section 2, let y be the natural image of y under the projection DGðbÞ ! DGðbÞ. Then the map b 4 : Z m ! DGðbÞ is given by b 4 ¼ ða 1 ; . . . ; a m Þ. From the map b 4 we get the simplicial fan S y in (2.6). By [BCS] , the toric variety X ðS y Þ, which is the geometric quotient
is the coarse moduli space of the Lawrence toric DM stack XðS y Þ. The toric variety X ðS y Þ is semi-projective, but not projective. In [HS] , from b 4 and y, the authors define the hypertoric variety Y ðb
4
; yÞ as the complete intersection of the toric variety X ðS y Þ by the ideal (2.9), which is the geometric quotient Y =G. We have the following proposition. ; yÞ.
; yÞ ¼ Y . From [JT] , Lemma 3.3, the stabilizers of points in X are the same as the stabilizers of the points in Y , which are determined by the box elements in the Lawrence simplicial fan and extended stacky fan. , and assumed that DGðbÞ and N are free. In our case DGðbÞ is a finitely generated abelian group, the toric variety X ðS y Þ is again semi-projective since S y is a semi-projective fan. The hypertoric variety Y ðb 4 ; yÞ is the complete intersection determined by the ideal (2.9). This reduces to the case in [HS] when DGðbÞ and N are free.
Independence of coorientations of hyperplanes. From (2.3), a hyperplane H i is naturally oriented. Changing the orientation of H i means changing the map b by replacing b i by Àb i . Proposition 3.3. MðAÞ is independent to the coorientations of the hyperplanes in the hyperplane arrangement H ¼ ðH 1 ; . . . ; H m Þ corresponding to the stacky hyperplane arrangement A.
Remark 3.4. Note that changing coorientations does change the corresponding normal fan of the weighted polytope G.
Proof. It su‰ces to prove the proposition when we change the coorientation of one hyperplane, say H j for some j. Applying Hom Z ðÀ; C Â Þ yields the following diagram of abelian groups:
ð3:1Þ
Recall that Y is a subvariety of C 2m nV ðI y Þ defined by the ideal I b 4 in (2.9). When we change the coorientation of H j , the ideals do not change, so Y 0 ¼ Y . By (3.1), the following diagram is Cartesian: [J] , and J S is the square-free ideal of the fan S. So every hypertoric DM stack MðAÞ has an associated toric DM stack XðSÞ whose simplicial fan is the normal fan of the bounded polytope G in the hyperplane arrangement H determined by the stacky hyperplane arrangement A. But by Proposition 3.3, MðAÞ does not determine XðSÞ. 
Substacks of hypertoric DM stacks
In this section we consider substacks of hypertoric DM stacks. In particular, we determine the inertia stack of a hypertoric DM stack.
Let A ¼ ðN; b; yÞ be a stacky hyperplane arrangement and S ¼ ðN; S; bÞ the extended stacky fan induced from A. Let MðAÞ denote the corresponding hypertoric DM stack. Consider the map b : Z m ! N given by fb 1 ; . . . ; b m g. Let ConeðbÞ be a partially ordered finite set of cones generated by b 1 ; . . . ; b m . The partial ordering is defined by requiring that s 0 t if s is a face of t. We have the minimum element0 0 which is the cone consisting of the origin. Let ConeðNÞ be the set of all convex polyhedral cones in the lattice N. Then we have a map C : ConeðbÞ ! ConeðNÞ; such that for any s A ConeðbÞ, CðsÞ is the cone in N. Then D b :¼ À C; ConeðbÞ Á is a simplicial multi-fan in the sense of [HM] .
Closed substacks. Recall that in Section 2 we have the fan S y for the Lawrence toric variety corresponding to Gb
We have the following lemma.
Proof. This can be easily proved from the definition of fan S y in (2.6). r Since Z s G N s , the Gale dual DGðb s Þ ¼ 0. And again applying the Hom Z ðÀ; C Â Þ functor to the above two diagrams (4.1), (4.2) yields Let j 0 : Y ðsÞ ! V ðsÞ be the inclusion given by ðz; wÞ 7 ! ðz; w; 1; 0Þ. From the map j 1 in (4.6), we have a morphism of groupoids j 0 Â j 1 : Y ðsÞ Â GðsÞ ! ! V ðsÞ Â G which induces a morphism of stacks j : ½Y ðsÞ=GðsÞ ! ½V ðsÞ=G. To prove that it is an isomorphism, we first prove that the following diagram is cartesian:
Y ðsÞ Â GðsÞ ! 
Since N has rank d, we find that DGðb s Þ is a finite abelian group. So in this case the generic element y induces zero in DGðb s Þ. This is the degenerate case, which means that the corresponding ideal (2.9) is zero. Thus
Á is a finite abelian group. According to the construction of hypertoric DM stack in Section 2, the hypertoric DM stack MðsÞ associated to s is the quotient stack ½Y s =G s which can be regarded as a local chart of the hypertoric DM stack ½Y =G. Consider the following commutative diagram:
Applying Gale dual and Hom Z ðÀ; C Â Þ, we obtain
ð4:10Þ
We construct a morphism j 0 : Y s ! V s . For r j j O s, we set z j ¼ 1 if z j is a component of a monomial of CðyÞ in (2.5) or w j ¼ 1 if w j is a component of a monomial of CðyÞ in (2.5), then from (2.9), the corresponding w j or z j can be represented as linear component of fz i w i g for r i L s. Letj j 0 : C 2d ! U s be the morphism given by z i ; w i 7 ! z i ; w i for r i L s, and z j , w j to the corresponding 1 or linear combination of fz i w i g for r i j O s in the above analysis. Thenj j 0 induces a morphism j 0 : Y s ! V s . Hence we have a morphism of groupoids
where j 1 is the morphism in (4.10). This morphism determines a morphism of the associated stacks. The isomorphism of these two stacks comes from the following Cartesian diagram: 
Inertia stacks. Let N s be the sublattice generated by s, and NðsÞ :¼ N=N s . Note that when s is a top dimensional cone, NðsÞ is the local orbifold group in the local chart of the coarse moduli space of the hypertoric DM stack. Namely: Lemma 4.4. Let s be a top-dimensional cone in the multi-fan D b . Then G s G NðsÞ.
Proof. The proof is the same as the proof for a top dimensional cone in a simplicial fan in [BCS] 
We determine the inertia stack of a hypertoric DM stack.
Proposition 4.7. The inertia stack of MðAÞ is given by
Proof. The hypertoric DM stack MðAÞ ¼ ½Y =G is a quotient stack. Its inertia stack is determined as
By Proposition 4.6, the stack ½Y g =G is isomorphic to the stack M À AðsÞ Á for some ðv; sÞ A BoxðD b Þ. r Example 4.8. Let S ¼ ðN; S; bÞ be an extended stacky fan, where N ¼ Z 2 , the simplicial fan S is the fan of weighted projective plane Pð1; 2; 2Þ, and b : Z 4 ! N is given by 
We have the quotient extended stacky fan S=s ¼ À NðsÞ; S=s; bðsÞ Á , where bðsÞ : Z 3 ! NðsÞ is given by the vectors fð1; 0Þ; ðÀ1; 0Þ; ð1; 0Þg, and ð1; 0Þ is the extra data in the quotient extended stacky fan. Taking Gale dual, we get
where b 4 is given by the matrix 2 2 1 0 0 1 0 1 ! and bðsÞ 4 is given by 2 2 1 0 1 0 ! . The associated generic element yðsÞ ¼ ð1; 1; 0Þ and the lifting of yðsÞ in Z 3 is rðsÞ ¼ ð1; 1; À3Þ. So the quotient hyperplane arrangement AðsÞ ¼ À NðsÞ; bðsÞ; yðsÞ Á is a line with three distinct points fÀ1; 1; 3g. The bounded polyhedron of this hyperplane arrangement is two segments intersecting at one point, see Figure 3 .
The core of M À AðsÞ Á corresponds to these two segments, hence is two P 1 's meeting at one point. Adding the stacky structure the twisted sector M À AðsÞ Á corresponding to the element v is the trivial m 2 -gerbe over the crepant resolution of the stack ½C 2 =Z 3 .
Orbifold Chow ring of M (A)
In this section we discuss the orbifold Chow ring of hypertoric DM stacks. We determine its module structure, then compute the orbifold cup product.
5.1. The module structure. We first consider the ordinary Chow ring for hypertoric DM stacks. According to [K] , the cohomology ring of MðAÞ is generated by the Chern classes of some line bundles defined as follows. Applying Hom Z ðÀ; C Â Þ to (2.2), we have where y is a formal variable. By abuse of notation, we write y ðb i ; r i Þ as y b i . The multiplication is given in terms of the ceiling function for fans which we define below. Since the multifan D b is simplicial, we have the following lemma. where jtj is the dimension of t. Let CirðD b Þ be the ideal in Q½D b generated by the elements in (1.2). The multiplication y ðc 1 ; s 1 Þ Á y ðc 2 ; s 2 Þ is defined by (1.1).
Lemma 5.4. The multiplication (1.1) is associative.
Proof. For any three pairs ðc 1 ; s 1 Þ, ðc 2 ; s 2 Þ, ðc 3 ; 
&
It is easy to check that the product preserves the grading, and the proof is left to the readers. r
Consider the map b : Z m ! N which is given by fb 1 ; . . . ; b m g. We take f1; . . . ; mg as the vertex set. The matroid complex M b is defined using b by requiring that F A M b i¤ the normal vectors fb i g i A F are linearly independent in N. The Stanley-Reisner ring of the matroid M b is
where I M b is the matroid ideal generated by the set of square-free monomials
It is clear that Q½M b is a subring of Q½D b under the injection y b i 7 ! y ðb i ; r i Þ .
Lemma 5.5. Let A ¼ ðN; b; yÞ be a stacky hyperplane arrangement and MðAÞ the corresponding hypertoric DM stack, then we have an isomorphism of graded rings
given by c 1 ðL i Þ 7 ! y b i , where CirðD b Þ is the ideal generated by elements in (1.2).
Proof. Let Y ðb

4
; yÞ be the coarse moduli space of the hypertoric DM stack MðAÞ. By [HS] , we have
; yÞ. Let a i be the first lattice vector in the ray generated by b i , then b i ¼ l i a i for some positive integer l i . By [V] , the Chow ring of the stack MðAÞ is isomorphic to the Chow ring of its coarse moduli space Y ðA; yÞ via c 1 ðL i Þ 7 ! l for which the right side is the Chow ring of the Lawrence toric DM stack XðS y Þ defined in Definition 2.6, see [HS] . So in the DM stack situation A
This point of view will be covered and generalized in [JT] . 
For ðv; sÞ A BoxðD b Þ, there is an exact sequence of vector bundles,
where N v denotes the normal bundle of M À AðsÞ Á in MðAÞ. On the other hand, there is a surjective morphism
Restricting this to M À AðsÞ Á yields a surjective map
Moreover, the element in the local group represented by v acts trivially on the kernel. Let v act on L i with eigenvalue e 
Again by Lemma 5.7, the ideal I M b is mapped by p to the ideal I M bðsÞ . Then p induces a surjective map Q½M b ! Q½M bðsÞ and a surjective map Using the same computation as in [J] , Proposition 4.7, the relation y ðv; sÞ Á CirðD b Þ is seen to go to CirðD bðsÞ Þ. This yields another morphism By [CR2] , the 3-twisted sector MðAÞ ðg 1 ; g 2 ; g 3 Þ is the moduli space of 3-pointed genus 0 degree 0 orbifold stable maps to MðAÞ. Let P 1 ð0; 1; yÞ be a genus 0 twisted curve with stacky structures possibly at 0, 1, y. Consider a constant map f : P 1 ð0; 1; yÞ ! MðAÞ with image x A MðAÞ. This induces a morphism
where G x is the local group of the point x. Let g i be generators of p 
We have the obstruction bundle (see [CR1] ) Ob ðv 1 ; v 2 ; v 3 Þ over the 3-twisted sector M À Aðs 123 Þ Á ,
where e : M À Aðs 123 Þ Á ! MðAÞ is the embedding, C ! P 1 is the H-covering branching over three marked points f0; 1; yg H P 1 , and H is the group generated by v 1 , v 2 , v 3 . Let ðv; sÞ A BoxðD b Þ, say v A NðtÞ for some top dimensional cone t. Let ð v v; sÞ A BoxðD b Þ be the inverse of v as an element in the group NðtÞ.
Lemma 5.10. Let ðv 1 ; s 1 Þ; ðv 2 ; s 2 Þ; ðv 3 ; 
Proof. First for a fixed ray r i and 0 < a 1 ; a 2 < 1, by the definition of ceiling functions, we find that
ð5:4Þ
Since eðc 1 ; c 2 Þ ¼ dc 1 e s 1 þ dc 2 e s 2 À dc 1 þ c 2 e s 1 Ws 2 , by Lemma 5.12, we need to check that which is the first case in (5.3). r
Applications
In this section we compute some examples of the orbifold Chow rings of hypertoric DM stacks. In particular, we relate the hypertoric stack to crepant resolutions.
Let N ¼ Z and S the fan of the projective line P 1 generated by fð1Þ; ðÀ1Þg. Let b : Z n ! N be the map given by b 1 ¼ ð1Þ, b 2 ¼ ðÀ1Þ and b i ¼ ð1Þ for i f 2. Consider the exact sequences
where the Gale dual b 4 is given by the column vectors of the matrix
